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Thanks!

Before making my presentation, allow me to thank the organizers
of this online meeting, and more particularly Professor Tony
EZOME from the University of Libreville (GABON), for inviting me
to give a talk , on the theme of monogenity, initiative that | find
wonderful.

| therefore send them all my congratulations, my thanks and my
encouragements.
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Abstract

Let be a triquadratic number field
K;=Q (\/dm, Vdn, v/ d’m’n’/), with (dm, dn,d’'m’n’l) in all

possible three occurring cases coverered by:
(dm,dn,d'm'n’'l) = (1,1,1),(1,1,2 or 3) and (1,2, 3)(mod4).

Those cases are respectively called case 1, case 2 and case 3.
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This work comes from on two articles written by Kouassi
Vincent Kouakou and myself (cf [13])et (cf [14]). First, we
characterize the fact that in Ks:

0 = w1 + wav'dm + w3Vdn + wa/mn + wsVd' m'n’l +

[ d [ d /
We d/:’/n’/ + wy d’,/:’ m'l + ws %d’l , where w; € Q is an

algebraic integer of K3 by showing the existence of a; € Z such

. : 1
that w; = £—=a; in the first case and w; = =~a; in the two others.

(The signs £ are easy to determine and depend on K3). Those
a; € Z must check a system of 8 linear congruencies which are
(mod2), (mod4) or (mod8). After this characterization, we can
put the monogenity's problem of K3, i.e. can we find an algebraic
integer 6 € K3 such that
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discr(0) = Dk, /g (1)

If the equation (1) is solvable, then the set {1,6,...,07} is a basis
of the integral ring Zy, of K3. In this presentation, we'll resolve
(1) only in the case (dm,dn,d’'m'n’l) = (1,1,1)(mod4). We'll set
by purly modular and diophantine calculations that (1) does not
have solution.

For the two remaining cases, please see the comments at the end,
where the essential points are given. Finally, there will be only
one triquadratic field which will be monogenic, and which
will also belong to case 3. It is the cyclotomic field

Q(¢2a) = Q(V=3,v2,V-1)
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Introduction

Historically, | have been interested in a Diophantine demonstration
of the monogeneity of triquadratic fields from 1991. Indeed during
my thesis in Besangon, | had met Professeur Danielle Chatelain,
who had given me a copy of her work, in which she had built an
integer base for these fields. But it was late around 2008 that |
find the time to work on this theme. And that's why | use the term
Chatelain's bases for such fields.
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Introduction

Let us put K, = Q(1/Ago, \/Ag1, ecey \/Agn-3, fin/Agn—2, ' \/Agn-1),
for a general n-quadratic number field, where

(1, 1') € {(1,1), (1, vV22), (1, V=1), (VE2,v/=1)}, and the

Ay = 1(mod4): 0 < k < n— 1, are taken square free into

Z* \ {1}, excepted in certain cases for which the quantities Ajn—2
and Ajn—1 can be equal to 1. For such number fields K, D.
Chatelain (cf [1]), gave a method for the construction of an integral
Z—Dbasis B, for its integral ring Z,, but also for calculations of
Dk, /@, the discriminant of the number field K, relatively to Q.

We'll apply the result to the field K3=Q (\/ dm, v/ dn, d’m’n’l),
(dm, dn,d’'m’n’l) in order to obtain a basis of integers of the
integral ring Zg, in the case (dm, dn,d'm’'n’l) = (1,1, 1)(mod4)
(cf [1]), see the comments for the remainng two cases
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Let us remark that Motoda and al. (cf [6]) and Gabor Nyul (cf [9])
gave also bases of triquadratic number fields, but they didn't
explain the way they obtained them.

In particular Motoda and al. have solved the problem of the
monogeneity of these fields, however with non-Diophantine and
often relatively complicated arguments. Thus the case 1 which
interests us, is treated from the theory of ramification quite simply
in a very short theorem . But the same is not true for the other 2
cases . So our work is fully justified, especially for the other cases
even if it is the cases 1 that | treat here.

Note that the only possible classifications for congruencies modulo
4, concerning the triplet (cf. [1] pp. 10-11 et [4] pp. 121)

(dm, dn, d'm’n'l) of the field K3 = Q(v/dm,/dn,/d'm'n’]) are:
(dm,dn,d'm'n'l) = (1,1,1),(1,1,2 or 3) and (1,2,3)(mod4) .

Let us recall, that we use, which we agreed once and for all (cf
[5]), the following notations and conventions.
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(/) Let's put gcd(a, b) = (a, b),Va, b € Z. When we write a
triquadradic number field K3 = Q(v/dm, v/dn,v/d'm’n'l), that
implies that d, m, n are square free rational integers, such that:
dm, dn,mn,d'm’n’l are # 0 and 1, with

(d,m) = (d,n) = (m,n) = (dmn,l) =1 and d’'|d, m'|m, n'|n, and
satisfying the conditions below.

(dm,dn,d’'m'n'l) = (1,1,1),(1,1,2 or 3) and (1, 2,3)(mod4).

(i) s(a) is the sign of a € Z*.

(iiif) For a = 1(mod2), we put A\, € {—1,1}, such that
a = A;(mod4).

(iv)51 = )\ds(d) = :|:1,Sg = )\d/m/s(d’m’) = :|:1,S3 =
)\d/,,/s(d’n’) = +1 and

sy = A S(dm'n’) = +1.
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)‘d’m’n’/ = —1 if d'm'n -1 (mod4)
(v)v= Ay et = E1,0f d’m’n’l =2 (mod4),/ even
2
(vi) 0 = Agz when n is even.
(vii) The Galois group Gal(K3/Q) on an a-basis of Chatelain
{aj:0< i <7} of Kz (cf [1], [5]) obtained via the o -matrix of
Galois whose general term is:

ai= T _ g 0<ijar

Qj
and which is as follows: The Galois group acts on K3 (which is a
Q-space vector set generated by 1 and the square roots just below)

like this, and will work on the same way, hereafter, on the
Chatelain’s S—basis of Kj:
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Lemma

For Case 1: (dm,dn,d’'m'n’l) = (1,1, 1)(mod4)
(i) A Chatelain’s written form of K3 = Q(vdm,Vdn,v/d'm'n’l) is
Kz = Q(vdm,Vdn,v/d'm'n'l).

(/i) The corresponding Chatelain's 5—basis of K3 is given by:
= {1,\/dm, Vdn, siv/mn, \/d’m’n’l,sm/%%n’l, s3\/ o n,ml
s/ I}

(iii) The corresponding Chatelain's Z—base B, of Zk, is the set
of the following elements:

1
= 3 (1 +vdm+ vdn+ si;/mn+ \/d’m’n’/—f-sm/%%n’/—k

$3 w/ 7 Lm'l 4 s %# ’/>, and its conjugates obtained from the

Gal(K3/Q), (1). We make a Z-transformation on the basis and
have the following new one.
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Lemma

For Case 1:
1
eh = 3 <1—|—m+vdn+51\/mn+\/d’m’n’/+52\/ T+

53/l + 54w> ,

el = é( 2v/dm — 2sy/mn — 25,/ 42 /| 254\/W>,
eh = ;( 2v/dn + 2s1y/mn — 2s; d,n,m’l+254\/W>
= 5 (s — dse /T ),

ﬁl:é( 2\/m—252\/d, ,nl+253\/d,,m’/+

250\/ )
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Lemma

1
et = s (452\ / 7;/]:1”1' n'l —4sy /5% d’/>
e _! —4s34/ Ll | + dsy /]
6 3 3 an 4 mn
1
e = 8 (—8s4y/ T d]).

The goal of this transformation is to make easy the calculation of
the integers of K3
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Characterization of integers of

Kz = Q(v/dm,/dn,~/d'm'n'l)

Let us take any element

0 = wo + wiVdm + wavVdn + ws/mn + wad' m'n’l +

[ dm [ dn [ mn .
ws g n'l + weg g m'l + w7 povmy d'l in K3, where w; € Q.

The problem which is set, is to know if 6 is an integer of

Ks = Q(v/dm,v/dn,\/d'm'n'l) or not.

The first thing to do is to distinguish among the 3 generic cases,
the case 1, we are dealing with. To do this, let's take a look at
dm

d'm" h

the 7 quantities dm, dn, mn,d'm’'n’l,

dn mn
T m'l, 7 d’l. One remarks that:
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@ Our case occurs if and only if more than 4 of the elements:
dm dn mn
dm,dn,mn,d'm'n’l, -n'l, m'l, ——d'l are
m

= 1(mod4), exactly aII terms are = 1(mod4)). Then let us
remark that we write 0 in the following theorem on the
corresponding Chatelain’s 3-basis. We obtain:

@ In our case, 0 = wg + wivVdm+ wrvdn + ws3s; 51\/ +

/ d
waVd'm'n’l + wssy <$2 d/m/n’/> + weS3 ( m//> +
m

mn
w784 <54 //d//) ,wi € Q.
mn
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From that, because we are able to write
Kz = Q(m, Vdn, \/W) in a Chatelain’s written form, it is
clear that the following quantities are well known, once 8 is given:
51 = )\ds(d) = =41,
= Agrpys(d'm’) = £1,53 = Agrys(d'n’) = £1,
sy = A S(dm'n’) = +1,
>\d’m’n’l = —1, if d’m’n’/ =-1 (mod4)
- _ : ! o S — '
7 Ay = %1, if d'm'n'l =2 (modd)

and § = Adg when n is even.

From all that we get the main theorem which caraterize the
algebraic integers of K3, when the case 1 is verified. For the two
remaining cases see the comments.
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Let K3 = Q(v/dm,\/dn,/d'm'n’l) a triquadratic number field
checking case 1 and satisfying Notations 1.1 (i), where
S1, 52,53, 54,7 and & are the signs coming from its Chatelain’s
written form. The following propositions are equivalent.

i) 0= wo+wiVd —i—wg\/dn—i—wg\/ n—+wsvVdmn'l+

[ dm [ d [ 'm
T 'l + we d’ ; m' [l + wy

of K3 (i.e 0 belongs to the ring of mtegral ZK3 of K3).

€ Q, is an integer
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(i) (cf.Lemmal.1): There exists (ag, a1, a2, as, as, as, ag, a7) € Z&,

such that

ao+alv 'm + axvVdn 4+ siaz/mn+ ag/d'm’'n’|
+spa5 n'l + s3ag m'l + szaz / )
satlsfylng
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(ag €7

ap—a; =0 ( mod2)

a —ap =0 ( mod2)

ap + a1 — a» — a3 = 0(mod4)
ay—as =0 ( mod2)

ap — a1 — as + as = 0(mod4)

ap + a2 — as — ag = 0(mod4)

ap+ a1+ ax + as3 — as — as — ag — ay = 0(mod8).

(A2) And :

(Note that w; = %)
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(1) = (ii)
Let's suppose that 6 is an integer of K3. So:

0 = wo +wivdm+ wavdn+ w3/ mn+wsvd' m'n'l +

dm dn mn )
w5m+ W6W+w7m € Zi, with w; € Q.

And following Remarks 2.2 ), we can rewrite 6 on the Chatelain’s
[-basis of K3 as following:
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0 = wo + w1V dm + waVdn + wssy (s1v/mn) + wavVd'm' 'l +

dm ’ dn / mn !
wssy | s Wnl +wes3 | s3 d’n’ml +w7ss | s4 m,n,dl .

We can also write the integer 6 on the basis B of Z; (cf.
Lemma 1.4 1.). So there exists (/;);<;<; C Z, such that:

0 = lyeo + /16/1 + /26/2 + /36% + /4€ﬁ1 + /58% -+ /68/6 -+ /78/7.
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Let's develop and factorize this last expression on Chatelain’s
(B-basis of K3, then we get:
h 1
0= 5" + 5 (b —2h) Vdm + (/o —2b)/dn +
1
3 (/0 —2h +2h — 4/3) (slx/mn)

1 1

+§ (I(] — 2/4) vd'm'nl + g (/0 —2h — 2l + 4-/5) (52 d’m’ n’/)
1

35 (o = 2 + 2l — 4k) (s3 dn_ )
1

5 (o — 21 + 21y — 4l +21s — 4ls + 4l — 8l7) (s1/ 7).

AFRImath: Théorie des Nombres & Théorie de I'Information

Francois E. Tanoé



Let's put (ai)o<;<7 C Z, such that:

ao = I

a = /0 — 2/1

dy = /0 — 2/2

a3 = lb—2h+2hL—45k
dg = /0 — 2/4

ds = /0 — 2/1 — 2/4 + 4/5
ag = lh—2h+2ly— 4k

L a7 = b —2h +2h — 4542l — 45 + 4l — 8.

Replace by these (aj)y<;<7 the values (/j)g<;<7 in the last
expression of 0, let's identify these two expressions of #, we get the
point Ap) of (A).
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Moreover, to prove the second point A;) of (A), let's solve
(li)OSiS7 from the (a,-)og,-g, we get:

/

o
h

h
h
Iy
s

3

ag € 7

dp — a1

—cZ

30%31—32—a3€Z

0% g

é’o—a1—c94+«95EZ
%+&—M—%EZ
%+a+@+%gﬂ—%—%—wez
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That is the requested system of congruences on the (a;)1<j<g, of
point Ap) .
(i) = (i)
Let's suppose that there exists (ag, a1, a2, as, as, as, ag, a7) € Z&,
such that (i) is realized. We have to show that 6 is an integer of
K3. From the congruencies system, let's put the (/;)o<j<o in
function of the (a;)o<i<7, as done above.
Clearly, the (/;)o<i<7 C Z. Now let’s develop this following
expression which is an integer of K3:

loeg + hel + heh + kel + lael + e + loeg + leh.

Francois E. Tanoé AFRImath: Théorie des Nombres & Théorie de I'Information



We find that:
loe + hel + heh + hel + ey + et + loeg + hel

1
= g(a0+31\/ dm+axVdn+siaz/mn+asv/ d'm'n'l+spas / ﬁn’l

+5336\/ dclh;/ m'| + 54a7+/ n,:/TZ/ dll)
=40.
So 0 belong to Zy,
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In consequence, as announced in the point (ii) of Case 1 .

0 = wo + wiVdm + wav/dn + ws/mn + wad'm'n’| +

w5m+wﬁm+wm, wi € Q, is an integer

of K3.

(Exactly with (wo, w1, w2, w3, ws,ws, ws, w7) € QF, defined by the
equalities:

(wo, w1, w2, w3, Wa, Ws, We, W7) =
1. 1. 1. 1 1. 1 1 1
(gao, gdl, gd2, §51d3, gd4, gS2d5, gS34e, 55437)-
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The problem of monogeneity

Let K3=Q (\/%, Vidn, v d’m’n’/) be a triquadratic number field
of odd discriminant, i.e. such that

(dm,dn,d’'m'n'l) = (1,1,1) (mod4) this means that case 1
occurs. Then the discriminant of K3 on Q is: Dy, /g = (dmnl)* cf.
[1]. We solve the problem of the existence or not of a power basis
of the type {1, o,..., 97}, for the ring of integers Zy, which as we
know is a Z-module free of rank 8.

The classical method consists in solving an equivalent problem by
solving in unknown 6 € Zy;, the classical monogeneity equation
below, where o; € Gal(K3Q) = (Z/27Z)3 :
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Let Bk, = {c0, 1,2, ...,7} be the Z-basis of Chatelain of Z,
(cf. [5] ), then the unknown 6 € Zg, is written 6 = Z,T:o liei,
where [; € Z, and:

discr(0) = [  (0i(0) — 0 (0))* =1 (h,....k)* Dy g,
()
where [ is a homogeneous form of Z [X1, ..., X7] of degree 28,

called index form attached to the basis Bx,. Then the resolution
of the equation of monogeneity

discr (0) = £Dk; g,

returns from a diophantine point of view to solve in unknowns
(h,...,}z) € Z', the following equation of monogeneity:

I(h, ..., l7) = +1. (3)
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This kind of problem has been solved for fields of small degrees,
especially for biquadratic fields, among others by [2], [6].

This work is about of the solution of the problem of monogeneity
of the fields of 8 degree, with Galois group isomorphic to (Z/27)3.
We find same results, proved( by others methods) between 2002
and 2006 in [9], [7], [10], [8], [11] given in special cases and
general ones.

However, in our methodology, unlike the previous authors, we use
different methods, namely purely diophantine to solve the equation
(3), using modular calculations in Z/4Z.

Note that our method is efficient for three cases, in particular for
the case 3 which is the most complicated.
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The principle of the proof

In a first step, see definition 1, after having agreed on a canonical
writing for K3, we generally construct an integer basis for any
triquadratic field K3 = Q (\/%, Vidn, v d’m’n’/) using the works
of D. Chatelain cf [1] on n-quadratic fields, which we apply to
degree 8 cf [5]. We transform this basis of Chatelain, in a basis
better adapted to the problem of the monogeneity, by scaling said
basis. This will allow us to write much more simply the equation of
monogeneity (3), which finally splits into a system of seven
Pell-Fermat’s equations (S1) (note that for the practical resolution
we will only use the first three of these equations (10)). In
general, this type of Pell-Fermat system either does not admit
solutions, or when it admits, we get a unique solution cf [16], [3].
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Writing conventions for the fields

Kz = Q(v/dm,/dn,~/d'm'n'l)

Let Q (\/ dm) ,Q (\/ dn) ,Q (\/ d’m’n’/) be three quadratic
subfields of K3, distinct in pairs such that: (m,n) =1,

(dmn, 1) =1,d = (d,d'm'n'l), m" = (m,d'm’'n’l) and

n = (ndmnl).

Then, according to the definition of Chatelain cf [1], the seven

quadratic subfields of K3 = Q <\/ dm,/dn,/ d’m’n’l) are:
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m:@(\/m), k5:<@< dgﬂ/) k6:Q< d”m//>

and kr = Q < mn d//>

m'n’'

We deduce the seven biquadratic subfields of Kj3.
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o w=a (/5w () 3
L CEY
-o( v o1 ).

2) Each of these seven biquadratic subfields

Ki = Q (v/dimj,\/d;in;) can be written in its canonical form cf [2],
which means that d;im; = d;n; (mod4),0 < d}, possibly even, n;
< m; odd (and when d;m; = d;n; = 1(mod4), we take d;

< inf (|mj|, |ni|).
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Formulas

We have etablished the important formulas which are the keys, of
the methods of solving.

Ya: 2241 — Z
a—A; .
4

1) Let a=1 ( mod2 ) , we write A\, € {—1;1}, such that a
= \s(mod4), then

a —

a=MA+47,.
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2) s(a) the sign of a a € Z*. 3) Let's note that
a=1(mod2) = \,a=1(mod4).

4) Va, b € 2Z + 1 then A\zp = A\3Ap. In particular A2 =1 et
As2p = Ap.

5)Va,be2Z+1, ;p =1 X3 = Ap.
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6) In particular the following equalities hold:

Ei
:\‘:

Adm = Adn = Amn = Ad'm/n/1 = A _dm /= Aimlﬂl = )‘d’
d’ n’

7N
d’'m’

\
I
[ay

/

3

and will allow useful factorizations via point 5).
7) Let a and b be odd, then:

Yab = AaVb + Apya(mod4).

Moreover, Vc € Z we have:

2¢(As = Ap) = 0(mod4).
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Chatelain’s canonical writing of

Ks = Q(vdm,Vdnv/d'm'n'l)

Let take K3 = Q (x/dTn, Vdn, \/d’m’n’l> with

(dm,dn,d’'m'n'l) = (1,1,1) (mod4), then we give a canonical
writing of K3 as follows:

(i) We first choose K, = Q (m, \/%) written in biquadratic
canonical form such that 0 < d = inf (d;) and with maximal m
among the eligible m; choices and maximum n < m among the
remaining n;.
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(i) Then choose Q (\/ d’m’n’/) among the four remaining
quadratic fields such as:

dm d n mn
d/m, n,/, ?mlﬁl, d/if }

mn

d'm'n'l =inf {d’m'n’/,

and
s(d") = s(m’) = s(n).

These conditions are always possible to be realized
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Let K3=Q (\/ dm,/dn,/ d’m’n’l) written in canonical form.
Then

S(d) =1 and S1 = )\d,S2 = Adlm/,53 = )‘d’n’754 = )‘dm’n’-
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Monogeneity equations

On this new scaled basis %’K3 of Zk,, let us take § € Zg,, then
there exist ly, i, b, ks, Ia, I5, Is, 7 € Z such that:

0= /086+...+/7€/7 . (4)

The equation of monogeneity (3) is written:

I(l, ..., l7) = 1. (5)
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For the actual calculation, we come back to the Chatelain S—basis

of Ks:
lo 1 1
0 = g-i-é(/o—2/1)\/dm+*(/o—2/2)\/dn
é (/0 —2h +2b — 4/3) s1vm
=20V o — 21 — 2l + 4 am
§(0—24) mn'l+ = (0—21—24—{—45)52 d’m’n
1 n
- _ _ /
8 (/0 2/2 + 2/4 4/6) S3 ' /
1 mn
+= (/0 —2h +2b — 4+ 21y — 4l5 + 4l — 8/7) Sa dl.
8 m'n’
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Let a; € Z, i =0,...,7, such that:

ag = /0

a =l —2h

ay = /0 — 2/2

a3 =1lp—2h +2h — 4k

d4qg = /0 — 2/4 (6)
as = Iy —2h — 2, + 4k

ag =l — 2h + 2l — 4l

ar =lgp—2h +2b 4+ 2ly — 45 — 45 + 4ls — 8l7
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Note that conversely for these same a; :

lo = ao
ap — ai
=
ag — a
h=——
/ _30%81—82—33
3 4 (7)
) _30—34/ _d—a1—as+as
4 = —F—Is = Z
a0 dp — d4 — dg
ls =

4
a+ar+a+a3—as—as—ag—ar
8

I =
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So that:

1 1 1 1
0 = gao + §a1\/ dm + gag\/dn + §a351\/mn

1 1 d
+—asvVd'm'n'l + —assp 7mn//
8 8 dm

1 dn 1 mn
—|—§a653\/ dr m[+ §a7541 / Wdll'

/2 (/1, ceey /7) = I2 (al, ...37)

So that, solve this equation is equivalent to solve the following:

As a result:

I(a1,...,a7) = %1 (8)
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Calculation of A(#) = discr(0)

1) We calculate
AO) =discr(0) = [ (07 (0) — 0;(6))?
0<i<j<7

in terms of / (a,, ..., a,), the variable ap disappearing, cf remark 1.
So we can take ag = lp = 0, in (6), without affecting the
generality of our resolution. So in the following we will have:
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1 1 1 1
0= galx/ dm + gazx/dn + §a351\/mn + §a4\/d’m’n’/ +
1 1
§a552, / ﬁn’/ + §a653 d‘fz, m'l
1

+§a754\ / I‘Z}Z’ d'l with:

a1 = —2h; ap = —2b; a3 = —-2h +2h —4f3; ag = —2ly;
ds = —2/1 — 2/4 + 4/5; de — —2/2 + 2/4 - 4/6;
a; = —2h +2b + 2l — 45 — 4l + 4l — 8F7.

Francois E. Tanoé
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If later we want to give the general solution 6 including ag = ly we
will use formulas (7), (6) and (4).

2) For the calculations of A(6), let us make the following groupings
and define by the same the following pairs of Z2 : (A1, (1),

(Bl, Dl), (El, Fl), (Gl, Hl), (/1, Jl), (Kl, [_1), (Ml, Nl), as well as
the numbers of K3 : 01, 02, 03, 04, 05, 85 and 6 as follows:
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e Ay = (00 (0) = 02(0)) x (04 (0) — 05 (6)) x (01 (F) — 03 (0)) x
(05 (0) — 07 (9))

n

2
=(=)*x
n/
d m
2 4 2 2 | — 32
axdn' + asmn’ — ag—-m'l — a7 —d'l arassin’ — agarszsyl
d m_ JVam
3 4
Nkl/@ 2

A1+ GivVdm n
2) = () % Nigjq (61)

n
= (F)z X Nk1/@ (
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= (00 (0) — 06 () x (02(0) — 04 (6)) (91 () — 07 (0)) x
())2 a5 (0))

03
n n
d -+ a3m— —a3d'm'l — / a8 — asassz/

+ Vdm
Nkl/@ g 2 4

m
35 d'm'

= (n)? % Ny g (02);

Bi + Divdm
(20
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A3 = (00 (0) — 4 (9)) x (92(0) — 06 (8)) x (01 (0) — 05 (9)) x
(03 (0) — 07 (0))
= (/)% x
dm dn mn n
azd/m/n/Jra% 7 Inlfa% 7 /m/fag 7 /d/ 343552”/7363753547/
d'm d'n m'n

+ " /dm
Nkl/@ : 2 :

Ei + FRvdm
2

= (/)2 X Nkl/(@ ( ) = (/)2 X Nkl/Q (93);
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o Ay = (00 (0) = 01(8)) x (04 (0) — 05 (6)) x (02(0) — 03(0)) x
(06 (0) — 07 (9))

2
= (=) %
m/
d n
2 / 2 0y 20 oy 200
ajdm' +agm'n — ag—n'l — a3 — d'l arazsym’ — asarsysyl
d b, Vdn
8 4
Nk2/@ 2
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* As = (00/(0) — 05 (0)) x (01 (0) — 04 (0)) x (02 (0) — 07 (0)) x
(03 (0) — 06 (0))
= (m')? x

d—+a3—n—a4d’n’/—aﬁd/ o alagslm—a4a653l\ﬁ

d
N 8 * 4 "
ka/Q 2

I + hv/dn
= (m')? x Ny, <121> = (m')? X Ny, (05);
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* g = (00 () —07(0)) x (01 (8) — 06 (8)) x (02 () — 05 (F)) x
(03 (0) — 04 (6))
— (d/)2 x

a%j/m+a2%n—aﬁmn/—a$r:’;/ . .
Nis /0 8 2 4
= (d) X Nk3/@ (Kl + L21\/ﬁ> (dl) X Nk3/Q (96)
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e A7 = (00 (0) — 03(0)) x (04 (0) — 07 (0)) x (05 (0) — 76 (0)) X
(01(0) — 02(0))

d
2
= ()" x
d
m n
2 g1 240 200 oy 200
ajd’'m+ asd’'n a5m,nl aﬁn,ml arapd’ — asagsyss!
+ mn
8 4 :
Nka/@ 2 '
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It is clear that:
discr (0) = (A1 x Ag x Az x Ay x As x Ng x A7)

And that we have:

[T (03(0) = o (6)) = (dmn))® x N, (62) X N, (62) x
0<i<i<7
Nkl/(@ (93) X Nk2/Q (04) X Nk2/@ (05) X /Vk3/Q (66) X Nk3/Q (97)
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Thus:

The powers of 0 € Zk, form a basis of Z, if and only if

Nkl/@ (91) X Nk1/@ (02) X Nkl/@ (03) k /Q (04) x Nk /Q (95) X

k /0 (06) X Nk 3/0Q (97) =41 (9)
Equation equivalent to (8) :/ (a1, ..., a7) = £1.

Francois E. Tanoé
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And, we obtain the following system:

No(vam)/q (1) = e
N@(m)/@ (62) = e2
N@(\/ﬁ)/@ (63) = €3
(51) 19 No(vam)/q (04) = ca
No(var)/a (5) = es
No(vmn) o (06) = €6
No(vmm)/a (67) = e

where ¢, =+1,k=0,1,...,7.
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System of monogeneity equations

Let us show that in the product / (a, ..., a7), each factor is in Z
and consequently is necessarily equal to +1. This will give us the
system (51) .

e The detailed calculation hereafter show that the numbers Ay,
Cl..., Ml, N1 are in Z

As an example we write A; et G :
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System of monogeneity equations

Al =

N (hla—12)+2(A g (hB—hls+hlo—hls— b ls+hls+lals+ 13— 12)+
Yaor I3 + Y (I8 + 13) 7 8 (=13 + 1) + v man (=1 = 15 = )+
4 Az g ((—hl — bls + kil + Il + Il — 1) + ’y%m/,(/2/4) +

Y ari(hh + hls — hla))+

8(Vmw (bl — ki) + W%m//(—/zle +lals = I§) +vm g (—hly + bl +
lalz + ls16))+

16(—htlz + hlz + Iyl + I5ls) + 32(—/72 — Ilz + Ilsl7)) and
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System of monogeneity equations

G = )\dn’(lllll — /‘%) + 2)\0',,/(—/1/6 + bl —hls + /4/5) +
A4\ m g/ (hls — bl + lak — lsle + I§)

+Ad v (hh — 3) + Aﬁm/’w(—/ﬂz + g + 12— 12)) +
8(—Amalolr + Aavw 2+
A%,,,/Vl(—lllﬁ — hls + lals)) + 160\%,,,/’7/(/2/6 — blr 4+ lalr — Isls +

/g)) —32Xa Vil
d/
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System of monogeneity equations

e Moreover, the components of the following couples: (Az, i),
(Bla D1)7 (Elv Fl)a (Gl’ H1)7 (lla Jl)a (Klv Ll)a (Mla Nl) have the
same parity. Indeed:

Al — C]_ = )\dn’(lll4 — /Z) — )\dn’(lll4 — /Z) =0 ( mod2 ) y
Bi—D1 = Agryi(—hbh+ B —hly—12) = Agr (b — B — hly—12) =
0 ( mod2) ;
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System of monogeneity equations

Er — F1 = Agmyw (b — 1) = Agryw (—hk + 3) = 0 ( mod2 )
G — H = )\dm/(*lzlz], — /L%) — )\dm/(l2l4 + /L%) =0 ( mod2 ) ;
h—h=Xgm(—hb+E+hbls—13)—Xgm (—hbh+ 17— hly+17)
0 ( mod2 )n? ;

Ki—Li= A\ 3 (k4 hly — bl — If) — )\%(/1/2 — g+ hiy+ /f) =
0 ( mod2 )

Ml—Nl )\d’ ( /1/4—{-/2/4—/1%)—)\,1/(/1/4—/2/4—}-/[%) =0 ( mod2 ) .
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Note that for our proof, we will use only the reduced modulo 4
computation of the values of the first three couples, whose
expressions are:

We have the following relationships modulo 4 :

A= N (11 1a—13) + 2) g,y (I =T b5+ 11 lo— Il — 2 la+Ia s+ als+ 13—
B2V o B2V (R413) + 27 9y (— 1)+
27.m g1(— 2—12—12) (mod4)

B = /\dn( //2+/2 Ila=13) + 2X g o (Il B— I ls—lals+15—13)+
27425 B+2Vms (/2+/2)+27d, (=) +
27 gn (1 P-12) (modd)

E= /\d/m,, (/ bh—13) + 2 g1y (1 /4+/1/6+/2/5)+27d,m B+
29 gn, ,(/2—|—/4)+2'y (= 12—12)+
27%1/( R-B—F) (modd),

and,
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C1 = )\dn’(/1/4 — /‘%) + 2)\dn’(_/1/6 + /2/3 — /2/5 + I4/5)(mod4)
D, = >\d’m/l(I1/2 - /22) + 2/\d’m’l(/2l3 — /4/5)(mod4)
F= )‘d’m’n’(/22 — /1/2) + 2)\d’m’n’(_/1/6 — 12/5)(mod4)
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Resolution of the system (S;) - Modular Calculations -

Useful Lemmas

We are particularly interested in the system formed by the first
three equations of (57).
We get:

A2 — C2dm = 4e
(S1) : { B} — Didm =4e, , (10)
EZ — F2dm = 4¢3
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Lemma

Let put:

di = pged (A1, 1) > 1,
d2 = ngd(Bl, Dl) Z ].7 (11)
dz = pged (E1, F1) > 1.

It is clear that (S]) is solvable => d?, d? and d? divide
4= di, dp, d3 € {1,2}.
We assume that (S7) is solvable, so we have the following results.
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We have the following three useful lemmas:

(a)

—A; = n'Bl =
(So) :

—C=nD;+ IR
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(b) The following system (S7') is solvable (exactly (S7) <= (57)).

( _ 2
o'l x E1By 4F1D1dm _ (Q) €1 — n2ey — e
n
ALE; — G Fid 2
(5{/) . 2%/ X 171 4 171am = (%) €1 — nl262 + /263
A1B; — C1Did 2
on x |2221 41 ! m]:<:/) €1+ nex — Pe3
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(C) (dl, do, d3) = (2, 1, 1). So that
A15C150(m0d2),Bllezl(mod2)

and (5=F =1 ( mod2)

(a) Let's establish the system (Sp):

Evident (by simple calculation).

(b) Let's show that (S;) and (S]') are équivalent when (Sp) is
checked.

Transforms (S7) from the relations of (Sp).

We have:
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A2 _ C2dm = 4e; <= (W'By + IE1)? — (n'Dy + IF1)* dm =
n\ 2
< n? (B} — Didm)+1? (Ef — Ffdm)+2n'I[E1 By — F1D1dm] =
2
<%> ><4€1

2
— n? x 4eq + % x 4eg + 2n'l [ElBl — F1D1dm] = (2,) X 4e€q.
n

AFRImath: Théorie des Nombres & Théorie de I'Information
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Which gives us:

EiB; — F1D1d 2
2n’/><[ 171 41 ! m] :<£,) €1 — n%ey — [Pes.
n

2

Note that; (g) €1 — ney —Pe3=+1 (mod4) .
n

In the same way we have:

B2 — D2dm = 4¢, equals to:

A1E; — G Fid 2
2:,/><|: 161 4-1 1 m:|:(,f77/> el—nl2€2+/263

2
and (%) €1 — %6y — 263 = +1 (mod4).
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Similarly; E2 — F2dm = 4e¢; equals to:
on x |:A181 — C1D1dm] . (n

2
— + n%ey — 12
2 ) €1 2¢5 €3.

n/
2
And (%) €1 — ey — ey = =1 (mod4).

The system (S7) gives rise to the system (S;') below:

_ 2
o/l x E1B; 4F1D1dm :(ﬂl> €1 — n2ey — e
n
A E1 — GG Fd 2
(57): 2%/>< 171 41 Lam :(§> €1 — n%ex + PPes .
A1B; — 1 D1d 2
2n><[ 171 41 ! m]:<:’> €1+ n%ex — PPes.
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For (c),
Let us first establish that: (di, d2, d3) = (2,1,1) or (1,1,2) or
(1,2,1).
e Suppose d; = 2, then A; and (; are even.
It is clear that the case d» = d3 = 2 is impossible because otherwise
ElBl — F1D1dm €7 — 2n’/ % [ElBl — F1D1dm]
4 4

2

(£> £1 — n"ep — 12e3 =0 ( mod2 ) , which is absurd.

n/
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Similarly, if (da, d3) = (1,2) or (2,1) then either B; and D; are
even and E; and F; odd, or we have the opposite, in all cases as
—Al =n'B; + IE; and ;Cl = n'D; + IF; it comes that A; and
C1 would be odd, which is absurd.

So the only possibility is (d1, db, d3) = (2,1,1).

e Now suppose that d; = 1. So A; and (7 are odd.

If we had db = d3 = 2 =— By, D1, E1, F; would be even —
impossible, see above.

If we have d» = d3 = 1, then By, Dy, E1, F1 would be odd, but then
(%Al = n'By + IE; and %Cl =n'D; + /Fl) — A; and GG
would be even. This is absurd.
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So (dl, d2, d3) = (1, 1,2) or (1,2, 1).

In summary we have: (di,d2, d3) = (2,1,1) or (1,1,2) or (1,2,1).
e To show that (di, d», d3) = (2,1,1), we use the computation of
C1, D1, F1 cf proposition 2, from which we deduce the value of

2.¢ = W'Dy + IF;(moda) .
n

We get %Cl = /Dy + IF(mod4) = I/, — [2 = 0(mod4).

As a consequence C; =0 ( mod2 ) ,so A; =0 ( mod2 ) ,
because they are of the same parity.

So di = 2 and consequently (d1, d2, d3) = (2,1,1) as announced
in lemma 1.

Francois E. Tanoé AFRImath: Théorie des Nombres & Théorie de I'Information



Lemma

The system (S1) being always supposed to be solvable, we also
have the following Lemma:

(i) h =13 =0 ( mod2 ) ; 3 = 0(mod4) and
h=Ik=1(mod2)

(ii) For the quantities Ay, By, E1, Ci, D1, F1 we have:

C]_ = —2)\d,,/lgl5(mod4);
D1 = /\d/m’l(lll2 — 1)(m0d4);
F1 = _)\d’m’n’(lll2 — 1) — 2)\d/m/,,//215(m0d4);

and

Francois E. Tanoé AFRImath: Théorie des Nombres & Théorie de I'Information



Al _2)\dn’ -+ 2)\dn//215(m0d4);
By _Adﬁ(llb — 1) + 2)\%(’}@ + 7m)(mod4);
Ei= /\d’m’n’(/1/2 - 1) 4+ 2Ag'mint b ls — 2)\,,/(’yd + 7m)(mod4).

Note that the point (i) of the lemma, is not sufficient to find a
contradiction in computing modulo 4, the quantities

(A1, C1),(Bu, D1), (E1, F1),(G1, H1),

(h, 1), (K1, L1),(My, Ny).
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We had already calculated modulo 4, the quantities Az, By, E1 as
well as Cq, Dy, F1 cf proposition 2. Recall also that we have
shown cf proof of lemma 1 c) that /1l — [ = 0(mod4)

From which we deduce that F; is odd that: L =1 ( mod2 ) and
h =0 (mod2) and that accordingly Is =0 ( mod2 ) .

Said congruences simplify a first time, considering among other
things that /2 = 1 (mod4), we find:
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Al = 2)\dn’(*l2/3 + bls + /32 - /§)+

2('7dn’ + Ymn' — ’Y%m// - V%d’l) (m°d4)

By =g (—hh 4 1) + 225 (B — ) + 2(vaz + Yms) (modd)

B = A (1 — 1)+ 20 (s) — 207 g0 oy + 75,0 (modd)

and,
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C]_ = 2)‘dn’(/2l3 — 12/5)(mod4)
Dy = )\dlm//(lll2 — ].) + 2)\d/m/,(l2/3)(m0d4)
F = )\d’m’n’(]- — /1/2) + 2)\d1m/,,/(—lgl5)(mod4)

e Now we consider: ﬂ/Al = n'B; + IE; (mod4), (see lemma 1
(a)) considering thatn)\dn = Ag'mr1 = 1, gives the reduction:
—bhk = _2/\,%(7‘1”/ + Ymnt — '%m,, — ')’ﬁd’l) + 2()\,,/(’)/51’11/ +
Vma) =AY gn &7 2, 1)) (MOd4).
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But the two quantities:

2(7dn/ + VYmn' — 'Y%m// - V%d’l) and

2()\,,/(’)/0/",", + ")/mnil) - )\/(’Yﬁm/ + ’Vﬁd’)) are = 0(mod4).
Indeed, let's use the form of remark 1

[ J

2(Yan + Y =Y &y~ V1) = 2(Ad Y+ A Y+ Am Y+ A Y
AL VT AV gy~ AV A1y ) (mod4)

2% (Aa + Am) + A (Y0 + Ym) = V(A gy + Az ar) =

(Y + 7 ar))(mod4)

2(Aw (vd +¥m) = M(Vd y +7m 1)) (mod4)

200w (Aav e +Aa7d + Ay + Am ) = Ai(A g v +

mY g +Am vy + Agyn))(mod4)

2()\d’n"7% FAd Vo A Y A Y — ()‘$/7m’ +

miVd +Amqg + Ay ))(modd)

> 2>

>
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= 2(7%()\01'# — A1) + Vd'()%,,/ —Am )+ ym (A — Agrr) +
’ym/(/\ﬂ,n/ — )\il))(mOd4)

m' d/
= 0(mod4).
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Similarly, we have:

2(Yaz +Ymz) = 2X5(Yd + Ym)) (mod4)

= 2)\7”,(7d + vm))(mod4)

=225 (Ag7a +Aavd + Amym + Anyym )(mod4)
and,
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207 gn, g+ ) = 200 (V4 py + Y mar)) (MoOd4)

= 2)\n/ ()\nn:/’yd/ + Am /’Y% —|— )\%'ym/ + )\d/’ynr:, )(mod4)

So 20w (Vg + Ym ) = MY go, p + v a)) =

200 A8 (vd + Ym) = AL (Vo + Y2 ar)) =

2(va(A gy = Am ) + 74 (Aarn = Amzs) 9 (Amp = Ad o)) +
’y%()\mn—)\%i ) =

0(mod4).
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This implies that —h/; = 0(mod4) —> /5 = 0(mod4) :

But then /s =1 ( mod2 ( because otherwise we would have
d1 = 4, which would be absurd.

The congruences are re-written in finality as follows, noting the
fact that

207 a0,y + V1 0r) = 2001(Yaz + Y2 ) = 2Ani(7d + Ym)(mod4)
what makes it possible to make appear this quantity in the
expression of E; at the level of the Lemma.

And we have as well as announced:
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C = —2)\0/,,/ /2l5(mod4)
D1 = )‘d’ //(/1/2 — 1)(mod4)
F = _)\d’m’n’(/1/2 — 1) — 2)\d’m ,,/I2/5(mod4)

and

A1 = —2\gy + 2)\d,,/I2l5(m0d4)
B = —)\dngl(/llz — 1) + 2(’7,1 + ’y,n)(mod4)
E = )\d/m’n’(lll2 - 1) 4+ 2Agr i b ls — 2)\,-,/(’)/0' + 'ym)(mod4).
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Non-monogeneity of the fields

Kz = Q(vdm,Vdn,v/d'm'n’l) with odd discriminant

We are now equipped to give the main theorem theorem (2) of
this article.

Theorem

/N
~
N——

Let be a triquadratic field K3 = Q (Vdm, v/ dn,~/d'm'n’l') with
odd discriminant, ie such that (dm,dn,d'm'n'l) = (1,1,1) (mod4)
Then K3 is not monogenous ie the system (S1) associated with the
equation of monogeneity (8) of K3 is not solvable.
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To proof this Theorem, it suffices to show that the system (51)
admits no solution. Indeed the conditions of lemma 1 are strong
enough to show that the system (S1) is not solvable because (S7')
(ie (S7)) is not. We will show that in the first equation of (S7) cf
lemma 1(b), we have:

2
E1Bi—F1D1dm = 0(mod4) —- <£,> e1—n2er—1Pe3 =0 (mod 2),
n

which is absurd since all summed numbers are odd.

To show this, let's calculate (E; By — F1D1dm) (mod4).
Using the last lemma 2(ii), we have:

ElBl — F1D1dm = E181 — F1D1 =

Aarmr (L = 1) + 2X g b ls — 2Xn1(vd + Ym)) %
(=Adz(hl = 1) +2(vd + ym)) = (= Aarmw (b — 1) —
2)\d’m’n’/2l5) X ()\d/m//(lllg — 1))(mod4)
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So that
ElBl - F1D1dm =
()\n// - )\%m/n) + 2(/]_/2 _ 1)('}’d + ’ym)(Ad/m/n/ + >\dn/l)_
2Ad pinkls(hb = 1) (A = Ag ) = 0(mod4). B
d’ d7
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Conclusion

If K3 =Q (Vdm,dn,/d'm'n’l') with
(dm,dn,d’'m'n’'l) = (1,1,1) (mod4), then the monogeneity
equation does not admit solutions in Zy,. It means that:

/N
N——

” Any triquadratic number field with odd discriminant
ismonogenous.”
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We find the result of Y. MOTODA and T. NAKAHARA [7], they
used the ramification of 2. G. NYUL [9] also got this result by
using the index form and the indices of sub-groups.

This method of proof should be able to apply a priori when the
discriminant is even; that is to say the two remaining cases:
(dm,dn,d'm'n'l) = (1,1,2 or 3) and = (1, 2,3) (mod4). Indeed in
each of these cases, similar lemmas to those used here have been
establshed, and we were able to conclude (cf [4] ), (cf comments
paragraph).
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Comments

We give here the elements necessary for a Diophantine proof,
similar to the previous one, of the non-monogeneity of triquadatic
fields, in the remaining cases 2 and 3. However, note that the
cyclotomic body of degree 8, Q((24) = Q (\/j3, V2, \/—71) which
belongs to case 3, is the only triquadratic body which is
monogenic. We treat an example of an integral K3-Signal.

Both in case 2 and case 3, we will use the results of [4] [5] , [13],
let the following theorem
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Theorem 1.1

We have the following theorem:
Let K3 = Q (\/dm, Jdn, \/d’m’n’l> with
(dm,dn,d’'m'n'l) = (1,1,2 or 3) (mod 4). (That means we are in

case 2).

(i) A Chatelain’s written form of K3 =Q (\/ dm,\/dn,/ d’m’n’l)
is:

Kz =

/ g
Q (\/dm, vdn, /2)‘d’m’n’é \/)‘d’m’n/é d’m’n’2> , if | is even
(\/dm, \/dn,\/—lv—d’m’n’/> , either
(/i) The corresponding Chatelain's 5—basis of K3 is given by:

B
{1 Vdm,dn, si/mn,yWd'm' 'l sy 7 m,n’/ 753\/,,/ &m'l,
Y54

m n
e d'l}.

Francois E. Tanoé AFRImath: Théorie des Nombres & Théorie de I'Information



Theorem 1.1

fii e corresponding Chatelain’s Z—base Bk, of Zk, is the
if) Th ding Chatelain's Z—base Bk, of Zk, is th
following;:

1+F+M+51F

g0 =
c 1-+vd +vdn—51\/7
1:
1++vdm— \/dn—sl,/
gy =
1—+dm-— \/dn+51\/7
E3 =
\/m_'_sz\/g—i_%m‘i‘& ol
Eq =7 7
W—Sz\/gﬁaﬁ—aw
g =7 ’
6 =7 7
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Theorem 1.2

o LA Vs i
€y = = 5 &
2
n—51\/7
5'32—51F
/ 7W+32W+53W+54W_

4
43 <52mn~+ssmm~> |

el — j S dn 4 mn g7 | -
6 — 2 3 d’n/m S4 '

/
£7 ==\ i d'l -
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Theorem 1.3

In case 2, the integral elements are characterized as follows:
Let K3=0Q (m, Vdn, d’m’n’l) , a triquadratic number field,
belonging to case 2. There is equivalencies between propositions
(') and (ii).

) 0 = wo + w1Vdm + wzx/% + wgf + waVd'm i1+

dm , il o [ 'm

'l + we (where

d/
wi € Q).
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Theorem 1.3

(ii) E! (ao,al,32,33,34,a5,a6,a7) € 78, such that:

ao + a1vdm+ az\/dn + sjaz/m +'ya4\/d/m’n’ +

75235\/d, n'l + ys3ae

satisfying:

, and

m'l 4 ysza7

((ag € 7Z
ap —a; =0 (mod 2)
a; —ax =0 (mod 2)
ay—ai+ar—a3=0 (mod 4)
as €7
as—as =0 (mod 2)
as — ag =0 (mod 2)

( a1 —as+as — a7y =0 (mod 4)

B»)
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Now we have

Lk, > 6— a0+a1\/ —i—ag\/dn—i—slag;\/ n+~vyagvdmn'l+

75235“ nl+75336\/d// ’/—1—754371/ //dl

/060 + /181 + /262 + /363 + /484 + /565 + /667 + /667

Where:
h = a€Z
h = aO;alez a a as +a
/ ao—agez s = 0 L 4 SGZ
2 = .
' ap+ a2 — a4 — ag
a%a —ay)—a le = Z
= 0 14 2 3€Z 6 7 €
lp = 30;3462
;7 _ 30+31+32+33;34_35_36_37GZ
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From this, the monogeneity equations and lemmas corresponding
to (8) are:

\

Where s, = +1, k=1,....7.
The first 3 equations sufficient to solve the problem are:
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A3 — C3dm = 4s
(83) : & B3 — Didm=4s,
E? — F2dm = 4s3
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Where:

d m
aidn’ + aimn’ — agym’/ —a;—d'l
m

A2 = 2 ’
/
G = apazsin’ — agars3sal,
n n dm
asd— + a3m— —ajd'm'l — af——1|
B, — n n d'm
2 — 2 )
n
D2 = 223351F — 343552/,
'm dn mn
agd'm'n’ +ai——n' —ai——m' — a5——d’
E, = d'm' d'n’ n
2x4 ’
, n
dgasSon — 36375354*/
F, = n

4

Then A2, 827 C2, D2, E2 and F2 (S Z, and (A2, CQ) s (BQ7 D2) and (E27 F2)
consist of integers with the same parity.
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Lemmas useful in the case

(dm,dn,d'm'n'l) = (1,1,2 ou — 1) (mod 4)

(5) A2 = B2 + 41.E;
n
1) (a) We get:
(%) G =n'Dy+41.F

(b) The systems below are equivalent.

A% — ngm = 451
(S}):{ B3 —-D3dm=4s, and

E2 — F2dm = 4s3

2
2n'l x [E282 — F2D2dm] = ( ) S1 — n’252 — (4/)253

2
) 51 — n’252 + (4/)2 S3

ERSE

(S7): 221 x [AsEy — GoFpdm] =
n
A2Bs — CoDsd
20 % 2b2 2L m] :<

| s <

2
2 ) s14 sy — (41)% 53

n/

Francois E. Tanoé

AFRImath: Théorie des Nombres & Théorie de I'Information



Lemma

(c)Ona: sy =5 =s.
2)(a) Az, By, G, and D, are odd.
(b)szsa =s1sp =1=s3 =354 =s.

AW3a35%2 1 3.} (mod 2) si Ay = A2

(C)F2 = /\,,/a4a552 ’
———— X (1 +XAg) (mod 2) si Ay = =\

Now replace the a; by this expressions in function of the /;, then
the demonstration is carried out in the same way, and we end up

with similar contradictions (mod 4).
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This time, we'll found that the only one triquadratic field, to be

monogenic is the cyclotomic one: Q (¢24) = Q (vV=3,v2,vV/—1).

We get this result about the Z — base.
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Theorem 1.4

For Case 3: (dm,dn,d'm'n’'l) = (1,2,3) (mod 4)
(i) A Chatelain’s written form of K3 = Q (\/ dm,/dn, d/m’n’l>

is:
Ks =@<\/<Tm,m 5 dg,m\/m> .
(/i) The corresponding Chatelain's S—basis of K3 is given by:

B = {1,\/dm,6\/%,651\/m ,—Vd'mn'l, —sp %%n’l,

—553\/diﬂ,m —0s4\/ 5 d'l }
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Theorem 1.4

(iii) The corresponding de Chatelain’s Z—base B, of Zk;, is the

following;:
l+ v vV dn+$1\/
g0 = €1 = f———m———— 5
\/d’mn/—52 di—/n’l
&2 =
. \/dn—i-sl\/ mn — s3 diﬂ, m'l — s/ d' |
3= )

1—+vdm \/%—slw/mn

=0 €5 =10 >

—d'm'n’l +52\/iﬂ di
il and

\/dn—slx/ mn — s3 d,n,m’/+54 rd

€6 =

7=20

The discriminant is D, o = (23dmn/)
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Lemma 1.2

Let's recall that in this case , there is too a particular suitable and

H !/ _ / / / / / / / / H
useful integral bases B, = {ey, €1, €3, €3, €4, €5, €5, €7} Obtained
from the previous B, ones, and we will use in the proof :

Lemma
3) For Case 3:
E{):M’ 6/1:1/dm’

2
0 /i
eh = 7 (x/dn—i-sn/mn— 53 %m// — S8\ i dl/) B
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Theorem 1.5

The characterization of any elements of Zg;, is the following one:

Let K3=0Q (\/CTHL Vdn, \/W) , a triquadratic number field,
belonging to case 3. Then there is equivalencies between
propositions (i) and (ii).

()

0= wo+w1\/%+w2\/%+w3\/ﬁ+w4\/m+W5

“ ’I—I—w7

(//) 3 (ao,al,32,33,34,a5,a6,37) € 78, such that:

G) ao + a1vd +532\/dn—|—55133\/ mn — asv/d'm'n’

’/—653361/ ’/—55437, /—d’l and satisfying:

d
d’Z’ n'l+

WI EQ)

S245
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Theorem 1.5

3 =0 (mod 2)
ap—a =0 (mod 4)

a €
G) az—a =0 (mod 2)
2 as =0 (mod 2)

as —as =0 (mod 4)
ag—ax=0 (mod 2)
( a2—a3—a+a;=0 (mod 2)
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Note that:

ZK3 50 = 30—|—31\/ m+darxV dn+dsiazn/mn—agv d'm'n'|—

5235\/ n'l— 55336\/d// m'[—{0saa7 )

/060 + /161 + 1262 + 1363 + 1464 + /565 + /656 + /767.

ag = 2Iy € 27
dal — dag
=hezZ
4 1€
a=hecl
33;‘92=/3ez
Where: ag = 2, € 27
ds — d4
=keZ
wta
0 22/6€Z
a2_a3;a6+37:/7€Z
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Lemmas useful in the case (dm, dn,d’'m'n'l) = (1,2, 3)

(mod 4)

In this case also we have a certain number of lemmas which should
allow us to conclude. The monogeneity equation is equivalent to
the following system:

1
%A2 (9) =51
%A6 (0) = S
(S3) 704 (0) =5
A5 ((9) = 54
Al (9) = S5
A7 ((9) = S6
\ A3 (9) = 57
where s, = £1,k=1,...,7.

Whose first 3 equations are:
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Where:

> d
a3dn’ + a3mn’ — aﬁd m'— a7 d’l
A3 - ’
4
asazsin’ — agars3sal
C3 = ’
2
n dm
/
d —|—a3m——a4d /—a5d/ /
83 = ’
4
n
a2a3s1—, — azassy/
D; = n
2 )
dm dn mn
azd'm'n’ +ai——n' — 3 ! — a? d
4 5 d'm d'n' 7 mn'
E3 == 4 )
, n
d4qasSon — 3637S3S4f/
F. — n
3 2
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1) (a) We have:

(Q) As = IE5 + ' Bs
n

’ (3.2)
(%) G = I1Fs + /D3

n
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(b) The systems below are equivalent:

A% — C32dm =45
($3) - B — D3dm =4s, et
E32 — F32dm =433

_ 2

2n'l x ByEs — DsFsdm —(Z s1— n%sy — [%s3
4 /

AszEz — G3F3d 2
(Sé’) : Q%IX 353 43 R (ﬂ/) s1— n"2sp + s

A3B3 — (3D3d 2
2n><[ 373 43 3 m] :<%> s1+ n?sy; — I?s3

\

(c)sp=s3=s

2) Let's put 41 = ngd(A3, C3),(52 = ngd(B3, D3) et 03 =
pgcd(Es, F3), we have:

(a) 62 = 03 = 0 et Bs, E3, D3 et F3 are the same parity.
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3) (a)

(b)

s3s4l = —Aysy

323351 X Ay X

s(d’'m’) (mod 4).

{1 —|—s(2d’m’)] (mod 2),

d4as

<323351L — 752/) (mod 4),

2n’
[8485
2

2

n
—sn — a6a75152—} (mod 4),

2n’

BxmxAy=asxdx\y (mod4).

Francois E. Tanoé
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Definition:

Let K3 = Q (\/Tm, Van, d’m’n’l> a triquadratic field. We call
K3- integral signal, any 8-upplet of the type

(€9y €15 €y €5, €4, €5, €5, €,) Where ¢; = 1, such that:

2 (e, + €, Vdm + e,v/dn + e;/mn + e,V d'm'n'| + 65\/%4—

e\/ Lom [+ e,\/TTIJ]) € Z,, and j € {2,3} depend on the
case to which K3 belongs.
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Let's consider case 2; subcase: (dm,dn,d’'m'n’l) = (1,1,2)

(mod 4) .

Let's try to build all non trivial integers of:

Kz = Q (v/—42,1/2310,/—154) of the type:

0= 1(cy +€V33+ 6,7/ =15+ €,1/—55 + ¢,//— 154 + ¢,1/—42 +
€,V 2310 + 67\/%) where €; = %1, i.e. find all K3- integral signals.
First let's show that we are effectively in this subcase mentionned.
To see that, let's do the products modulo squares, we find:
(33,15, —55, —154, —42,2310,70) = (1,1,1,2,2,2,2) (mod 4).
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So K3 = Q (V/33,v/—15,/—154) =
Q <\/3 X 11, /3%(=5),\/I x 11 x 1 x (2 x (—7)))

belongs to case 2.

And so:

dm = 33,dn = —15,mn = —55,d m'n’| = —154,

Am n/'l = —42, S0 m'| = 2310, -2%.d'| = 70.

Then:

(d,m,n,d',m' n' I)=(3,11,-5,1,11,1, —14).

The signs we need are:

51 = )\dS (d) = —1, So = )\d/m/s(d/m’) = —1, S3 = )\d/n/S (d/n/) =
1,58 = Agmres (dm'n’) = 1, with: v = A =X, =-1

= Zdiminis

And the Chatelain’s written form is:

/
K3 = Q (m, vV dn, \/m\/)\d'm'"'é d/m/n/2>

~-Q <\/3 X 11,4/3 % (=5),v/—2y/— (I x 1L x L x (—7))) ,
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The Chatelain’s 3-basis is:
ﬁ pr—
{1 vVdm,vdn,siv/mn,yvd'm'n'| 'ysz\/d, —n ', ys3 d,n,m I,fys4,/ m d’l}

= {1,V/33,V/-15, /=55, —/—154,1/—42, —/2310, —\/70} .
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Let’'s come back to our elements 6.

0 = %(eo +€6,V33+€,vV—15+€,/—55+ ¢,/ —154 + €,/ —42 +
€,1/2310 + ¢,1/70) where ¢; = +1, we have:

0= 1(c, +6,V33+6,v/—15+ (—¢,)(—v/—55) +
(—€,)(—v—154) + ¢,/ —42

+(—6,)(—V2310) + (—¢,)(=V/70)).

This means that:

(307 a1, d2, a3, d4, ds, de, 87) - (607 €1,6€, —€3, —€,, €, —€, _67)'
Now 6 belongs to Z, if and only if:
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ag € Z
ap — a3 =0 (mod 2)
a;—a; =0 (mod 2)
ay—ai+a—a3=0 (mod 4)
as €7
as —as =0 (mod 2)
as —ag =0 (mod 2)
( 32— as+ag— a7 =0 (mod 4)
e =ftl=¢ €Z
€ — € =0 (mod 2)
€, — €2 =0 (mod 2)
€ — € +€,+€e, =0 (mod 4)
e, =tl=e¢ cZ
—€, — €, =0 (mod 2)
€ + ¢ =0 (mod 2)
[ —€, — € — ¢ +¢, =0 (mod 4)
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€, ==£1
€, =€ —2ka , ko € {0,¢,}
€ = & — 2ka + ks) , (ko ks) € {{0} x {0, €0}} U {{e,} x {0, —eo}}
€, = —€, + 2(/(3 + 2/(4),
(ks ka) € {0} x {0}} U {{e} x {0}} U {{—¢,} x {&}}
And because the 4 last equations leave the same that the four first
ones, we have:

(64765766767) = (_507617 _62763)
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(60761762763) cE= {(61761761’_61)} U {(61761’_61761)} U
{(61’_617_61’_61)}U{( ) 61761761)}'

= {(-1, ,1,1)}U{i(1,—1,1,1)}u
{x(1,1,-1, )} uU{£(1,1,1,-1)}.

And then too:

(€, €5, 6.€,) € E=

{(*60,60,*60,*60)}U{(*60,60,60,6 )}U{( 0 € 0,*60)}U
{(—€: =€, —€: €}
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This means that the solutions (¢, €,,¢€,,€;,€,, €, €, €,) of our
problem, are obtained by doing:
(€95 €565 €5), (€4, €5, 65,€,)) € E X E.

So: 9_ (e +6,V33 + €,v/—15 + €,4/=55 + ¢,/—154 +
€V —42 4+ €,/2310 + € \ﬁ) where €; = £1, belongs to Zg, &

The 64 elements solutions of type 8-upplets

(€9 €15 €y €5, €4, €5, €4, €, ), are such that :

(€, €565, 65), (€4, 65,6, €,)) € E X E, where:

E={+(-1,1,1,1)} U{+(1,-1,1,1)} U{£(1,1,-1,1)} U

{£(1,1,1,-1)}.

Let's note that these 64 solutions can be classified by using the

natural action of Gal(K3/Q) on this same set of solutions.
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Then we find finally 8 orbits and each of them has a cardinal equal
to 8; given by Gal(K3/Q)(6;), i =0,..,7, and each of them is
crossing respectively, by only one of the elements :

1 1 1 1

1 1 1 1

1 1 1 1

b= | 1| se=| 7| se=| 7| ie=| T
1 1 1 -1

1 —1 1 1

-1 1 1 1

-1 -1 -1 -1

-1 -1 -1 -1

-1 —1 -1 —1

1 04= 1 ;05= i 06= 71 ;07= i
1 1 1 -1

1 -1 1 1

-1 1 1 1
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For instance, the orbit Sy of fp under Gal(K3/Q) = G s the
following set:

1 1 1 1

1 -1 1 -1

1 1 -1 -1

-1 1 1 -1

G(eo)_{ 1 ’ 1 ) 1 ) 1 ’

1 -1 1 -1

1 1 -1 -1

-1 1 1 -1
1 1 1 1
1 -1 1 -1
1 1 -1 -1
-1 1 1 -1

-1 1’ -1 1| -1 ("] -1 }

-1 1 -1 1
-1 -1 1 1
1 -1 -1 1
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And the irreducible polynomial of 6,
over QQ, whose other roots just above is (from MAPPLE Calculator) :

Irr(0, X) = X®—2X"—535X°+1596X°+111509X " —226650X >~ 11395285 X+

677800X + 649147150.

We get by the same way, the following irreducible polynomials over Q for
0,i=1,..7.

Irr(6, X) = X®—2X7—535X54+1316X°+118789X*~343410X> 11884725 X+
16299000X + 584808750;

Irr(6,, X) = X®—2X7—535X5—840X°+118019X*+419814X> 12451753 X —
33307172X + 568782124;

Irr(65, X) = X®—2X"—535X°+980X°+105349X* —350466 X —10605573X>+-
49155768X + 676247454

Irr(6,, X) = X®4+2X7—535X5—1596X°+111509X*+226650X > —11395285X° —
677800X + 649147150;

Irr(6, X) = X®+2X7—535X°—1316X°+118789X"*+343410X°>~11884725X> —
16299000X + 584808750;

Irr(6g, X) = X®+2X7—535X°+840X°+118019X* —419814X> ~12451753X?+-
33307172X + 568782124;

Irr(6,, X) = X®4+2X7 ~535X5—-980X°+105349X*+350466X >~ 10605573 X —
49155768X + 676247454,
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