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What is a quadratic form ?
F field ;
A quadraticform ovo F
-

Q : V → F such that

F- Vector - space , 4 ( ✓ d) = 4 (v ) d
'
tre V
,
ttdcf

dinp V = n = dim (4) 2 By : Vxv - . F

(v
,
a) 1-> Ylv# x ) -Qlr) - 41N )

is a ( symétrie ) bi linear form

Exple :

Q : Fn _ , f- f- (x, ' xn ) ts 2- ai XIZ , ai c- F.

Bq ( Tv ' ) = 2È
,

aixixi = vf . Ian) vit .

Q is called diagonal ; ll = cas, . . . , on >



More examples / Diagonalization

- Kj qvadratic réparable ; Nig : K -s F is a qoad . form
char F-12

;
K = Fft ]« +za) j NK

#
(x, > ) = x

'
- ay? LI

,
- a>

char F = 2 ;
K= Ff+31 (tqt +a) ; Nkp (x, > ) = + xytay? [ça]

From non on : clef # 2

Fact : All qradratic forms are diagonal : zable .

In a vitalle basis (orthogonal basis) :

q ( v ) = Eaixit
,
v= (Xi

,
' '

,
x ) .

Exile : (x
,
ts x2 + xy = xcxty) = x

'

y
'
= ("

'

l
'

_ (×
'

)
'

IH = [ 1,0] ± LI
,
- IS ← Hyperbole plane



Non degenerate forms / Isometry

Ne Orly consider non de generale forms :

i. e
. Bry : V
-> v*

✓ 1-> (ou # By (v, µ ))
is an isomorphisme

Exple : . Euclidear space - (R LI
,

. . ;D)
- q = Lay . . ans

,
n - dinpv ; aie F"

Def : An isomet-y f : (V, 4) - s ( N, Y ) is an F- linear

isomorphisme f : V - s N such that tvcv
,
4 ( flirt ) = (v) .

Exile : (x
,
ts x2 + xy = xcxty) = x

'

>
'
= ("

'

l
'

_ (×
'

)
'

IH = [ 1,0] ± LI
,
- IS ← Hyperbole plane



Example of classical questions 

| Isotropy question : Given 41f
7 ver

,
v# o s - t

. (v) = o ?

( If so
,
Q is called isotropie ) .

2 Mon generally : Descri be the set of values of Q

Dp ( 9) = l lol, ver, v# 0f .

3 Classification question : classiez quadrette forms
on a given field F up to isometry .



Classification question
-
F = ¢

Cxi
,
. . n ) = Iaixi

'
= Zcxixi )' Y ± ci

,

' ' i >

ai c- CI
, xi
'
= ai

Q ±# ⇒ clin = din V
.

: Iisonety classes of bjectio ,

9rad . forms / ¢ ) → IN

-
F = R 4 = ca , , . ans Ici,

' 1
,
- g. ,-13

÷ --r = # lai
,
aiso ) s

( r, s ) signature of Q
'

s = # ( ai
,
ai co )

Q ± Y ⇐ they have the same signature .

R



The Hasse-Minkowski theorem 

Scharlau : << For a long time - at least from Fermat to Minkowski - the 
theory of quadratic forms was a part of number theory. >>

F-= ② For any place v of Q,
Q : V -s Q q : ¥ ✓

→ ②
v

quad-tic form

Thm - asse - Minkowski )
Q is isotropie ⇒ Uv is isotropie Tv

Cor : UE Q ⇒ Qr ± Uv tt v

Q Qu



The algebraic theory of quadratic forms 

Scharlau : << Witt opened in 1937 a new chapter in the theory of quadratic 
forms …/… Thirty years later, Pfister demonstrated the significance of this 
approach by his celebrated structure theorems. >>

\ Considére quadrette forms over arbitrez fields .

2 I All qvadratic forms over F) mis N (F) Witt n'y



Cassels’ and Pfister’s Subform theorem 

4 : V -s F ;
Q : N - s F.

Def : Q is a subforn of Q ( Qc 4) if there exista
an injective F- linear map f : N ↳ V s -

t
-
Huan
,

( flat ) = Q(x ) .

If so, there exista (
x
'

,
Q ' )
,
VINTON

'

,
QLNtxD-4lxtt-Y.la ' )

If Y = < ai
,

' '

, ar > ,
then el = Lai

,
' ar, art , ,

' '

,
ans .

hm : s >une Cl is anisotropie and = ca ,
-gars .

Then :
4 c4 ⇐ 4pct

,
. ,+,)

reposent , a.tit - start?
-

variables



The Witt ring of F

Witt ring N (F) = ( Qvadratic forms on F)

Hyperbole
Operations : L , ⑦

|
Forms

I

IF c ou (F)
"

idéal of Witt classes of en dimensional quad forms .

Additives generale d bg cl
,
-a> ( cqbsn CI, - y a, bis

~ ci
,
as - ci

,

- bs)
- generaled bg «ai, ' ' , on»

N (F) s IF I I
?
F3 . . JE F3 . . . = ÊQ

,

LI
,

-ais .

nfold - Pfister forms .



Milnor’s conjecture (Theorem of Orlov-Vishik-Voevodsky) 

There is a commutative triangle of isomorphismes :

ON
*
F = ¥, FYINHF .

~

=

115

k¥ (F)
~

=

H
* (F) = ⑦ H

"

(Gallfserlf ) 422) .

^> 0

Milnor 's K - Theory
modulo 2

.



Classification of quadratic forms over F

Nfs IFSIZF s . . SIF 3 . . . M I
"

F = lol c N (F) .

n > 0

QQ qradratic forms Ip of the name dimension .

4=4 ⇐ Q L l- Q ) is hyperbole form
⇐ ei CQLC-Ql) = o ti .

Pfister Haupt, ratz : A non - trivial form in IF has

dimension z 2
"

.



Motivic équivalence of quadratic forms 

41f Y = car
,

' ' '

,
ans

Xq : = projective qvadricxitheqrationa.xft.it aux?=o

↳ MCXQ ) = motif of Xy
( chou motives xihl coefficients in Fz ) .

Facts cl is isotropie iff Ht c

= I KIL Van ) anisotropie
Witt index
m = in (Q ) .

hm ( Vi > lit) : 4,41F
M ( Xy) ± MCXQ ) ⇐ tt Elf

,
in (UE) I in ( Ye)

I

in the Category of Chow - motives


